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ABSTRACT

A denoising algorithm seeks to remove perturbations or errors
from a signal. The last three decades have seen extensive research
devoted to this arena, and as a result, today’s denoisers are highly
optimized algorithms that effectively remove large amounts of additive white Gaussian noise. A compressive sensing (CS) reconstruction algorithm seeks to recover a structured signal acquired from a
small number of randomized measurements. Typical CS reconstruction algorithms can be cast as iteratively estimating a signal from a
perturbed observation. This paper answers a natural question: How
can one effectively employ a generic denoiser in a CS reconstruction algorithm? In response, we develop a denoising-based approximate message passing (D-AMP) algorithm that is capable of highperformance reconstruction. We demonstrate using the high performance BM3D denoiser that D-AMP offers state-of-the-art CS recovery performance for natural images (on average 9dB better than
sparsity-based algorithms), while operating tens of times faster than
the only competitive method. A critical insight in our approach is
the use of an appropriate Onsager correction term in the D-AMP iterations, which coerces the signal perturbation at each iteration to
be very close to the white Gaussian noise that denoisers are typically designed to remove. On the analytical side, we develop a new
state evolution framework for deterministic signals that accurately
predicts the performance of D-AMP and enables us to derive several
useful theoretical features.
Index Terms— Compressive Sensing, Denoising, Approximate
Message Passing, Onsager
1. INTRODUCTION
The fundamental problem in computational imaging is to reconstruct
a signal from a series of measurements. When the measurements
are linear, we can model the measurement process via the equation
y = Axo + w, where y is a length m vector representing the measurements, A is an m × n matrix that models the measurement process, xo is a length n vector representing our signal of interest, and w
is a vector representing measurement noise. A computational imaging system then seeks to use the measurements y, along with knowledge of the system matrix A, to recover xo . Recovering xo when the
problem is underdetermined is known as compressive sensing (CS)
and has been the focus of a vast amount of research over the past
decade [1–18].
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The majority of CS research has recovered xo by assuming that
it is sparse in some transform basis. Unfortunately, sparsity-based
methods are inappropriate for many imaging applications. The reason for this failure is that natural images do not have an exactly
sparse representation in any known basis (DCT, wavelet, curvelet,
etc.). As a result, algorithms that seek only wavelet-sparsity do a
poor job of recovering the signal.
In response to this failure, researchers have considered more
elaborate structures for CS recovery. These include minimal total variation [6, 7], block sparsity [8], wavelet tree sparsity [9, 10],
hidden Markov mixture models [11–13], non-local self-similarity
[14–16], and simple representations in adaptive bases [17,18]. Many
of these approaches have led to significant improvements in imaging
tasks.
In this paper, we take a complementary approach to enhancing
the performance of CS recovery with natural images [19–21]. Rather
than focusing on developing new signal models, we demonstrate
how the existing rich literature on signal denoising can be leveraged
for enhanced CS recovery. The idea is simple: Image denoising
algorithms (whether based on an explicit or implicit model) have
been developed and optimized for decades. Hence, any CS recovery
scheme that employs a denoising algorithm should be able to capture elaborate structures that have heretofore not been captured by
existing CS recovery schemes.
Inspired by this philosophy, we design a new CS recovery framework, called denoising-based approximate message passing D-AMP,
that uses a denoising algorithm to recover signals from compressive
measurements. D-AMP has several advantages over existing CS recovery algorithms: (i) It can be easily applied to many different signal classes. (ii) It outperforms existing CS recovery algorithms and
is extremely robust to measurement noise. (iii) It comes with an
analysis framework that not only characterizes the fundamental limits of the algorithm, but also suggests how we can best use D-AMP
in practice.
Our work is not the first to use advanced denoisers to solve the
CS recovery problem. Egiazarian et al. developed a denoising-based
CS recovery algorithm [22] that uses the same authors’ BM3D denoising algorithm [23] to impose a non-parametric model on the reconstructed signal. This method solves the CS problem when the
measurement matrix is an undersampled linear transform. D-AMP
is a fundamental improvement on this scheme. By Guassianizing
the effective noise at each iteration our algorithm enables the true
performance potential of the BM3D denoiser. In [16] it was shown
that the BM3D-based algorithm performed considerably worse than
NLR-CS. Therefore we compare our algorithm only with NLR-CS.
D-AMP is based on the AMP framework. AMP has been the
subject of extensive research in the field of compressed sensing [3,
13, 21, 24–38]. Most previous work consider a Bayesian framework
in which a signal prior px is defined on the class of signals C, to
which xo belongs. AMP is then considered as a heuristic approach
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to calculate the posterior mean E(xo | y, A). In the development of
D-AMP, we are not concerned with whether the algorithm is approximating a posterior distribution for a certain prior or not. Instead, we
rely on one important feature of AMP—that at every iteration AMP
denoises a signal that is effectively the true signal xo plus i.i.d. Guassian noise. This important feature will be clarified later.
2. DENOISING-BASED APPROXIMATE MESSAGE
PASSING
D-AMP assumes that xo belongs to a class of signals C ⊂ Rn , such
as the class of natural images of a certain size, for which a family
of denoisers, {Dσ : σ > 0} exists (the subscript σ indicates that
our denoiser is parameterized according to the standard deviation
of the noise). Each denoiser Dσ can be applied to xo + σz with
z ∼ N (0, I) and returns an estimate of xo that is hopefully closer
to xo than xo + σz. In this paper we treat each denoiser as a blackbox; it receives a signal with additive noise and returns an estimate
of xo . Hence, we do not assume any knowledge of the signal structure/information the denoising algorithm is employing to achieve its
goal. This makes our derivations applicable to a wide variety of signal classes and a wide variety of denoisers.
D-AMP employs a denoiser in the following iteration:
xt+1
zt

=
=

Dσ̂t (xt + A∗ z t ),
y − Axt + z t−1 Dσ̂′ t−1 (xt−1 + A∗ z t−1 )/m.

Here, xt and z t are the estimates of xo and the residue y − Axo at iteration t respectively. The term A∗ denotes the conjugate transpose
of A and Dσ̂′ t−1 denotes the divergence of the denoiser. The term
z t−1 Dσ̂′ t−1 (xt−1 +A∗ z t−1 )/m is known as the Onsager correction
term. As in the original AMP algorithm, xt +A∗ z t can be written as
xo + v t , where v t is known as the effective noise. We can estimate
kz t k2
the variance of v t with (σ̂ t )2 = m 2 [24]. D-AMP works well because the Onsager correction term Guassianizes v t and because typical denoisers are designed to handle additive white Gaussian noise.
At this point, we are unable to prove v t is exactly Gaussian, but
comprehensive simulations provided in the extended version of this
paper [20] demonstrate its Gaussianity.
Note that the Onsager correction term contains the divergence
of the denoiser. While simple denoisers yield an exact solution for
their divergence, high-performance denoisers are often data dependent; making it very difficult to characterize their input-output relation explicitly. Therefore, we approximated the divergence using a
Monte Carlo technique [39]: given a denoiser Dσ (x), using an i.i.d.
random vector b ∼ N (0, I), we can estimate the divergence with
˙
 ˆ
Dσ (x + ǫb) − Dσ (x)
Dσ′ = lim Eb b∗
(1)
ǫ→0
ǫ
ˆ
˙
1 ∗
≈ E
b (Dσ (x + ǫb) − Dσ (x)) , for very small ǫ.
ǫ
We used Monte Carlo sampling to approximate the expected value
using the average of a series of random samples. We generate
M i.i.d., N (0, I) vectors b1 , b2 , . . . , bM . For each vector bi we
obtain a rough estimate of the divergence. We then obtain an
improved estimate of the divergence by averaging. According to
the weak law` of large numbers, as M → ˘∞ this estimate cont
t
(x + ǫb) − Dσ,τ
(x)) . Due to the highverges to E 1ǫ b∗ (Dσ,τ
dimensionality of the signal, we can accurately approximate the
expected value using only a single random sample. As a result, calculation of the Onsager correction term is quite efficient and requires
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only one additional application of the denoising algorithm.
3. THEORETICAL ANALYSIS OF D-AMP
In this section we theoretically analyze the performance of D-AMP.
This task is eased by the fact that our signal estimate at each iteration
of the algorithm is computed by denoising a signal that is effectively
xo + v t . Because the elements of v t follow an i.i.d. Gaussian distribution, the standard deviation σ t of v t completely determines the
peformance of the algorithm.
3.1. State Evolution
We present a framework, called state evolution, to theoretically
track the standard deviation of the noise, σ t at each iteration of
D-AMP. Our framework extends the state evolution framework proposed in [3, 24]. Through extensive simulations we show that, in
high-dimensional settings (for the denoisers that we consider in this
paper), our state evolution predicts the mean square error (MSE) of
D-AMP accurately.
kx k2

Starting from θ0 = no 2 the state evolution generates a sequence of numbers through the following iterations:
2
θt+1 (xo , δ, σw
)=

1
EkDσt (xo + σ t z) − xo k22 ,
n

(2)

where σw is the standard deviation of the measurment noise,
δ := m/n is the under-determinacy of the problem, (σ t )2 :=
2
2
θt
(xo , δ, σw
) + σw
, and the expectation is with respect to z ∼
δ
2
N (0, I). Note that our notation θt+1 (xo , δ, σw
) is set to emphasize
t
that θ may depend on xo , the under-determinacy δ, and the measurement noise. Consider the iterations of D-AMP, and let xt denote
its estimate at iteration t. Our empirical findings show that, in all the
cases we studied, the MSE of D-AMP is predicted accurately by the
state evolution. We formally state our finding.
Finding 1. Assume the elements of A are i.i.d. and follow a subGaussian distribution1 with the following properties E(Aij ) = 0,
E(A2ij ) = 1/n and E(A4ij ) = O(1/n2 ). Under these conditions,
if the D-AMP algorithm starts from x0 = 0, then for large values of
m and n, state evolution predicts the mean square error of D-AMP.
2
θt (xo , δ, σw
)≈

1 t
kx − xo k22 .
n

For more information on the simulations that lead to this finding
and how it differs from similar findings in [24] and [34], please see
Section III.C of [20]. In the next two sections we explore the implications of this finding on the performance and usage of D-AMP.
3.2. Recovery Performance
The following result shows that D-AMP is robust to measurement
noise and can perfectly recover xo when no noise is present. This
result requires formalizing our notion of denoiser slightly.
Definition 1. Dσ is called a proper family of denoisers of level κ
(κ ∈ (0, 1)) for the class of signals C if and only if
sup
xo ∈C

EkDσ (xo + σǫ) − xo k22
< κσ 2 ,
n

(3)

for every σ > 0. Note that the expectation is with respect to ǫ ∼
N (0, I).
1 A random variable X is said to be sub-Gaussian if there exists some real
2
constant c such that E(etX ) ≤ ect for any t ∈ R. [40]

It turns out that many of the denoisers that are popular in CS,
including soft-thresholding and block soft-thresholding, are proper
at certain levels. For more information see [20].
2
Assume that the denoiser is proper at level κ. Let θ∞ (xo , σw
, δ)
denote the fixed point of the state evolution equation. Define the
noise sensitivity of D-AMP as
2
2
N S(σw
, δ) = sup θ∞ (xo , δ, σw
).
xo ∈C

The following proposition provides an upper bound for the noise
sensitivity as a function of the number of measurements and the variance of the measurement noise.
Proposition 1. Let Dσ denote a proper family of denoisers at level
κ. Then, for δ > κ, the noise sensitivity of D-AMP satisfies
2
N S(σw
, δ) ≤

2
κσw
.
1 − κδ

See [20] for proof.
2
Remark 1. According to Finding 1, θ∞ (xo , δ, σw
) is equivalent to
the MSE of the D-AMP algorithm. Therefore, Proposition 1 shows
that the reconstruction MSE is proportional to the variance of the
measurement noise. As the number of measurements decreases, the
D-AMP reconstruction MSE increases. Fortunately, the increase is
mild as long as δ is not too close to κ.
2
2
Remark 2. If δ > κ, then as σw
→ 0, supxo ∈C θ∞ (xo , δ, σw
)→
0. Combined with Finding 1, this implies D-AMP will have perfect
recovery in the noiseless setting.

3.3. Parameter Tuning
In this section we demonstrate how our theoretical framework simplifies the problem of parameter tuning. At first glance, the problem
of tuning the D-AMP parameters appears daunting. To state this
challenge, we overload our notation of a denoiser to Dσ,τ , where
τ denotes the set of parameters of the denoiser. According to this
notation, the state evolution is given by
ot+1 (τ 0 , τ 1 , . . . , τ t ) =
t

0

1

1
EkDσt ,τ t (xo + σ t z) − xo k22 ,
n
t−1

2
. Note that we have
where (σ t )2 = o (τ ,τ δ,...,τ ) + σw
changed our notation for the state evolution variables to emphasize
the dependence of ot+1 on the choice of the parameters we pick at
the previous iterations.

Definition 2. A sequence of parameters τ∗1 , . . . , τ∗t is called optimal
at iteration t + 1 if
ot+1 (τ∗0 , . . . , τ∗t ) =

min

τ 0 ,τ 1 ,...,τ t

ot+1 (τ 0 , τ 1 , . . . , τ t ).

Note that τ∗0 , . . . , τ∗t produce the smallest mean square error DAMP can achieve after t iterations.
It seems from our formulation that we should solve a joint optimization on τ 1 , . . . , τ t to obtain the optimal values of these parameters. However, it turns out that in D-AMP the optimal parameters
can be found much more easily. Consider the following greedy parameter tuning algorithm:
1. Tune τ 0 such that o1 (τ 0 ) is minimized. Call the optimal
value τ∗0 .
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2. If τ 0 , . . . , τ t−1 are set to τ∗0 , . . . , τ∗t−1 , then set τ t such that
it minimizes ot+1 (τ∗0 , . . . , τ∗t−1 , τ t ).
This optimization is similar to the optimization of the parameters
in the denoising literature [39, 41]. It turns out that in the context
of D-AMP this strategy is optimal. The following result proves the
optimality of this greedy strategy.
Proposition 2. Suppose that the denoiser Dσ,τ is monotone in the
sense that
inf EkDσ,τ (xo + σǫ) − xo k22
τ
is a non-decreasing function of σ. If τ∗0 , . . . , τ∗t is generated
according to the greedy tuning algorithm described above, then
ot+1 (τ∗0 , . . . , τ∗t ) ≤ ot+1 (τ 0 , . . . , τ t ), ∀τ 0 , . . . , τ t .
See [20] for proof.
To summarize this result, to tune D-AMP’s parameters over
many iterations simply tune a denoiser once at each iteration. There
exists an extensive literature on tuning the free parameters of denoisers [41]. Diverse and powerful algorithms such as SURE (Stein’s
Unbiased Risk Estimation) have been proposed for this purpose [39].
D-AMP can employ any of these tuning schemes.
4. SIMULATION RESULTS
In this section, we compare the performance of D-AMP, based
on the BM3D [23] and BM3D-SAPCA [42] denoisers, with other
CS reconstruction algorithms.2 (BM3D-SAPCA is an extension
to the popular BM3D denoiser. It offers incrementally better performance than BM3D but is hundreds of times slower). In particular, we compare the performance of these D-AMP algorithms,
called BM3D-AMP and BM3D-SAPCA-AMP, with the original
AMP algorithm [3], turbo-AMP [13], and NLR-CS [16]. AMP
uses a wavelet sparsity model (Daubechies-4 wavelets), turbo-AMP
uses a hidden Markov tree model, and NLR-CS uses a low-rank
self-similarity matrix model. NLR-CS represents the current stateof-the-art in CS reconstruction algorithms. It was shown in [16]
and [20] that NLR-CS dramatically outperforms TV sparsity methods [43], the original BM3D CS recovery algorithm [22], and
Model-CoSaMP [11]. Therefore results for these methods are not
presented here.
The parameters of D-AMP were set following the methods described in Section 3.3. Both D-AMP algorithms were run for 30 iterations. AMP was run for 30 iterations as well. Turbo-AMP was run
for 10 iterations. (We experimented with running turbo-AMP for 30
iterations but found that this yielded no improvement in performance
while nearly tripling the computation time). Because the DCT iterative soft-thresholding method used to generate an intitial estimate
in NLR-CS’s provided source code3 failed for Gaussian measurement matrices, we generated the initial estimates used by NLR-CS
by running BM3D-AMP for 8 iterations for noiseless tests and 4 iterations for noisy tests. Only 4 iterations of BM3D-AMP were used
during noisy tests because, if 8 iterations were used, the initial estimates from BM3D-AMP were often better than the final estimates
from NLR-CS. Turbo-AMP and NLR-CS were otherwise tested under their default settings.
We report the average recovery performance, in terms of PSNR4 ,
across 6 standard test images5 : Lena, Barbara, Boat, Fingerprint,
2 Our

code is available at http://dsp.rice.edu/software/DAMP-toolbox
Exps.htm
4 PSNR stands for peak signal-to-noise ratio and is defined as
2552
20 log10 ( mean(x̂
2 −x2 ) ) when the pixel range is 0 to 255.
3 http://see.xidian.edu.cn/faculty/wsdong/NLR

o

5 http://decsai.ugr.es/~javier/denoise/test

images/

Table 3. Average computation times, in minutes
Sampling Rate (%)

10

20

30

40

50

AMP
Turbo-AMP
NLR-CS
BM3D-AMP
BM3D-SAPCA-AMP

0.3
1.4
31.6
1.0
318.3

0.6
2.4
60.6
1.3
328.7

1.0
3.4
88.1
1.5
345.1

1.3
4.5
122.8
1.7
362.1

1.6
5.5
152.2
2.2
378.0

5. DISCUSSION
(a) NLR-CS recovery

(b) BM3D-SAPCA-AMP recovery

Fig. 1. Reconstructions of 10% sampled 256 × 256 Barbara image
with additive white Gaussian measurement noise of standard deviation 30. Notice BM3D-SAPCA-AMP exhibits far fewer artifacts
than NLR-CS.

House, and Peppers. All images have pixel values between 0 and
255 and were rescaled to 128 × 128 (with the exception of the
higher resolution examples displayed above). All tests used an m ×
n measurement matrix that was generated by first using Matlab’s
randn(m,n) command and then normalizing the columns. All
simulations were conducted on a 3.16 GHz Xeon quad-core processor with 32GB of memory.
Tables 1-3 summarize the results of our experiments. Table 1
compares the performance of different recovery algorithms at various sampling rates6 when no measurement noise is present. BM3DSAPCA-AMP outperforms all the other algorithms in a majority of
the tests. In Table 2 we compare the performance of BM3D-AMP
to NLR-CS when measurement noise of standard deviation 20 is
present. As one might expect, D-AMP is exceptionally robust to
noise. Table 3 demonstrates that, depending on the denoiser in use,
D-AMP can be quite computationally efficient: The BM3D variant
of D-AMP is dramatically faster than NLR-CS. The table also illustrates how using different denoisers within D-AMP presents not
only a means of capturing different signal models, but also a way to
balance performance and run times. For more detailed results please
see [20].

Table 1. Average PSNR of reconstructions without noise
Sampling Rate (%)

10

20

30

40

50

AMP
Turbo-AMP
NLR-CS
BM3D-AMP
BM3D-SAPCA-AMP

18.07
18.25
25.57
25.18
22.81

20.51
22.43
29.89
29.66
30.33

22.85
24.69
33.15
32.72
33.63

24.96
26.64
35.78
35.18
36.15

27.07
28.85
38.28
37.41
38.45

Table 2. Average PSNR of reconstructions with noise
Sampling Rate (%)

10

20

30

40

50

NLR-CS
BM3D-AMP

23.20
24.14

24.77
26.34

25.35
27.39

25.05
27.76

23.74
27.93

6 Sampling

rate is defined to be m/n × 100.
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Through extensive testing we have demonstrated that the approximate message passing (AMP) CS recovery algorithm can be extended to use general denoisers to great effect. Variations of this
denoising-based AMP (D-AMP) algorithm deliver state-of-the-art
compressively sampled image recovery performance while maintaining a low computational footprint. Our theoretical results and
computational simulations show that the performance of D-AMP can
be predicted accurately by state evolution. We have also proven that
the problem of tuning the parameters of D-AMP is no more difficult
than the tuning of the denoiser that is used in the algorithm. Finally,
we have shown that D-AMP is robust to measurement noise.
D-AMP represents a ”plug and play” method to recover compressively sampled signals; simply choose a denoiser well-matched
to the signal model and plug it in the AMP framework. Since designing a denoising algorithm is easier than designing a recovery
algorithm, D-AMP can benefit many different application areas.
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